Measurements are presented of the structural response and wake of a two-degree-offreedom (2-DOF) pivoted cylinder undergoing streamwise vortex-induced vibrations (VIV), which were carried out using particle-image velocimetry (PIV). The results are compared with those of previous studies performed in the same experimental facility examining a cylinder free to move only in the streamwise direction (1-DOF). The aim of this study is to examine to what extent the results of previous work on streamwise-only VIV can be extrapolated to the more practical, multi-DOF case. The response regimes measured for the 1-and 2-DOF cases are similar, containing two response branches separated by a low-amplitude region. The first branch is characterised by negligible transverse motion and the appearance of both alternate and symmetric vortex shedding. The two wake modes compete in an unsteady manner; however, the competition does not appear to have a significant effect on either the streamwise or transverse motion. Comparison of the phase-averaged vorticity fields acquired in the second response branch also indicates that the additional DOF does not alter the vortex-shedding process. However, the additional DOF affects the cylinder-wake system in other ways; for the 1-DOF case the second branch can appear in three different forms (each associated with a different wake mode), while for the 2-DOF case the second branch only exists in one form, and does not exhibit hysteresis. The cylinder follows a figure-of-eight trajectory throughout the lock-in range. The phase angle between the streamwise and transverse motion decreases linearly with reduced velocity. This work highlights the similarities and differences between the fluid-structure interaction and wake dynamics associated with 1-and 2-DOF cylinders throughout the streamwise response regime, which has not received attention to date.
= f x /f n ), henceforth referred to simply as the reduced velocity.
The vast majority of experimental, numerical and theoretical work investigating VIV has focused on cylinders which are free to move only in one direction, as this is thought to simplify the problem. In most cases, researchers have examined transverse VIV, i.e. VIV of a cylinder free to move only normal to the flow, as the amplitude response in this direction, A y , tends to be an order of magnitude larger than that occurring in the streamwise direction, A x (Griffin & Ramberg 1976) .
Early work by Sarpkaya (1995) and Jauvtis & Williamson (2003) indicated that the response regime of a 2-DOF cylinder was similar to that measured for transverse-only VIV, i.e. the freedom of the cylinder to move in the streamwise direction did not have a significant effect on the wake dynamics or fluid-structure interaction. However, later work by Williamson & Jauvtis (2004) showed that when the cylinder mass ratio (m * = (cylinder mass)/(displaced fluid mass)) was lower than approximately 5, the additional DOF caused the appearance of a new response branch, the 'super-upper' branch, which was associated with a significant increase in the amplitude response in both directions and the formation of a new wake mode. Related work examining pivoted (Flemming & Williamson 2005 ) and two-dimensional cylinders (i.e. cylinders which had a uniform amplitude along their span) (Sanchis, Saelevik & Grue 2008) , also found that when m 704 N. Cagney and S. Balabani (Govardhan & Williamson 2002) ) can exhibit very large-amplitude vibrations in both directions (over four diameters peak-to-peak) compared with the 1-DOF case.
It is clear that the freedom to move in both the streamwise and transverse directions has a significant effect on VIV, and further work is needed to extend the knowledge of VIV of single-DOF structures to the more practical multi-DOF case. While some work has been performed which analyses the effect of the additional DOF on the transverse response regimes (i.e. where U r /f * ∼ 1/St) (Williamson & Jauvtis 2004; Sanchis et al. 2008; Dahl et al. 2010) , very little is known about how the streamwise response regime is affected. The following subsections summarise the wake dynamics and structural response of 1-and 2-DOF cylinders in the streamwise response regime, and outline the aims of this paper.
Streamwise response regime
In the last decade there has been renewed interest in the case of streamwise-only VIV, following the failure of the 'Monju' reactor due to streamwise vibrations. The streamwise response regime was characterised by Aguirre (1977) (summarised by Naudascher (1987) ), while later work by Okajima and colleagues Okajima et al. 2003) investigated the sensitivity of the amplitude response to structural parameters such as the mass and damping. Recent work by the current authors presented time-resolved particle-image velocimetry (PIV) measurements of the wake and structural motion of a cylinder undergoing streamwise VIV (Cagney & Balabani 2013a,b,c) .
The response regime is characterised by two branches, separated by a region of low-amplitude vibrations at U r /f * ≈ 1/2St (Aguirre 1977; Okajima et al. 2003; Cagney & Balabani 2013c) . The maximum amplitude in both branches is of the order A x /D ∼ 0.1. The first branch occurs in the range U r /f * ≈ 1.5-2.5, and is typically associated with 'wake breathing' or symmetric vortex shedding (Naudascher 1987; Jauvtis & Williamson 2003) , in which the streamwise motion of the cylinder causes the shear layers to roll up simultaneously at the same frequency as the cylinder motion, f vs = f x . This vortex pattern is referred to as the S-I mode (following the notation of Ongoren & Rockwell (1988) ) and is depicted in figure 1. However, Aguirre (1977) and Cagney & Balabani (2013c) showed that for much of this branch, the vortices are actually shed in an alternate pattern, similar to the von Kármán street observed behind stationary cylinders. This mode (the A-II mode, shown in figure 1) also dominates outside the first and second response branches, when the cylinder response is negligible (Cagney & Balabani 2013c) . Cagney & Balabani (2013a) showed that at certain reduced velocities within the first branch, the wake switches between the S-I and A-II modes in an apparently random manner. Furthermore, the symmetric arrangement of vortices for the S-I mode was found to be unstable, and tended to rearrange downstream into an alternate pattern. This has also been observed in the wake of cylinders undergoing forced streamwise oscillations (Ongoren & Rockwell 1988) and fixed cylinders in pulsating flow Perdikaris, Kaiktsis & Triantafyllou 2009 ). This bimodal behaviour causes the velocity fluctuations in the near wake to occur at f x , while in the far wake the fluctuations occur at the Strouhal frequency (Cagney & Balabani 2013a) .
The second branch occurs in the range U r /f Vortex-induced vibrations of cylinders with 1 and 2 degrees of freedom compared with when it is increased (Aguirre 1977) . Within the second branch, the vortices are shed at half the cylinder vibration frequency ( f vs = f x /2) and tend to form very close to the cylinder base (Aguirre 1977; Cagney & Balabani 2013c) . Jauvtis & Williamson (2003) referred to this mode as the SA mode (see figure 1 ). This may be treated as a special case of the A-II mode. In the current work, the distinction between the A-II and SA modes is maintained to aid discussion. Forced oscillation studies have shown that the wake can exhibit the A-IV mode (in which two pairs of counter-rotating vortices are shed per cycle; figure 1) at similar ranges of reduced velocity and vibration amplitude to that which are experienced by a cylinder in this region of the response regime (Ongoren & Rockwell 1988; Nishihara, Kaneko & Watanabe 2005; Konstantinidis, Balabani & Yianneskis 2007) . Cagney & Balabani (2013b) showed that this mode can also occur in the wake of a freely vibrating cylinder; the mode was stable, and caused the second branch to occur in a slightly different form, with a lower-amplitude response compared with when the SA mode was present. At U r /f * ≈ 2.8, the cylinder-wake system could appear in three different states; low-amplitude vibrations with the A-II mode occurring in the wake (when the reduced velocity was decreased); steady-state VIV when the A-IV mode occurred; and slightly larger amplitude VIV when the SA mode was present.
It remains unclear what conditions influence the appearance of either mode, and whether these multiple stable states can occur for cylinders with multiple degrees of freedom. The latter question is important from a mathematical standpoint, as the number of possible stable states a system can exhibit is important in understanding and modelling its dynamics. It may also be of interest to the industrial engineer, as it raises the potential of using some form of active or passive control to restrict structures to the low-vibration states and thus reduce fatigue damage.
Relatively few studies investigating VIV of multi-DOF cylinders have examined the streamwise response regime, with most focusing on higher reduced velocity ranges, where the cylinder response occurs mostly in the transverse direction ( & Coughran (2009) measured the amplitude response of a 2-DOF cylinder, which could also be constrained to move only in one direction. They found that the additional DOF did not substantially increase the amplitude response of the cylinder for U r /f * 4 compared with the streamwise-only case. In the first branch they showed that the transverse response was negligible. This is consistent with the force-oscillation study of Nishihara et al. (2005) , which showed that the S-I mode was dominant in this reduced velocity range, and induced a negligible lift force. Blevins and Coughran also showed that the cylinder followed a figure-of-eight trajectory in the second branch, with the frequency of the transverse oscillations equal to half the streamwise vibrations frequency. Jauvtis & Williamson (2003) showed that the S-I mode occurred in the first branch and the SA in the second. However, it should be noted that their study did not examine the variation in the wake mode throughout either branch, and it is unclear whether the A-II mode also occurred in the first branch, as in streamwise-only VIV.
Aims of this work
It is clear that there is a lack of information in the literature regarding VIV acting in the streamwise direction for bodies with multiple degrees of freedom. Several questions remain.
(a) What is the distribution of wake modes throughout the streamwise response regime and how does this compare with the 1-DOF case? (b) Does mode competition between the S-I and A-II modes occur in the first response branch, and does this competition affect the transverse response of the cylinder? (c) Does the additional DOF affect the number of possible states which can exist near U r /f * ≈ 2.8? That is, can the second response branch appear in different forms, as found in streamwise-only VIV? (d) How does the transverse motion of the cylinder affect the vortex-shedding process and vice versa? (e) How do the cylinder trajectories vary throughout the streamwise response regime?
This paper aims to address these questions, and to extend the knowledge of the wake and structural dynamics associated with streamwise-only VIV to the more practical 2-DOF case. In particular, this paper follows recent work examining a cylinder free to move only in the streamwise direction for a moderate Reynolds number range (Cagney & Balabani 2013c,a,b) . For the sake of brevity, these works are hereafter referred to as CB-1 (Cagney & Balabani 2013c) , CB-2 (Cagney & Balabani 2013a) and CB-3 (Cagney & Balabani 2013b) . In this paper, PIV measurements are presented of the wake and structural response at the centre-span of a 2-DOF cylinder undergoing VIV. The experiments described in this work were performed in the same test facility as previous studies (i.e. CB-1, CB-2, etc.). However, the current work examines a pivoted cylinder which was free to move in both the streamwise and transverse directions, rather than a cylinder which was supported with wires within the flow, such that it could only move in the streamwise direction.
Experimental details
The experiments were performed in a closed-loop water tunnel facility, which has been described in Konstantinidis, Balabani & Yianneskis (2003) and CB-1. The test section was made of Perspex to allow optical access, and had a cross-sectional area Vortex-induced vibrations of cylinders with 1 and 2 degrees of freedom 707 of 72 mm × 72 mm. The flow was conditioned upstream using hexagonal honeycomb and a 9:1 contraction, such that the turbulence levels entering the test section were less than 2 % and the mean velocity was uniform to within 1 % 10 mm from the testsection walls. The flowrate was adjusted using mechanical valves, and the maximum freestream velocity in the test section was approximately 1 m s −1
. The temperature was held constant at 23 ± 1
• C. The use of a pivoted cylinder had significant advantages; its axisymmetric nature ensured that the natural frequency and damping were the same in both the streamwise and transverse directions, and it allowed the cylinder to be supported within the test section with minimal obstruction to the surrounding flow. VIV of pivoted or cantilevered cylinders in an interesting problem in its own right (King 1974; Fox & West 1993; Kitagawa et al. 1997; Balasubramanian et al. 2000; Fujarra et al. 2001; Nakamura et al. 2001; Okajima et al. 2001; Kitagawa et al. 2002; Okajima et al. 2002; Voorhees & Wei 2002; Flemming & Williamson 2005; Voorhees et al. 2008) , and is relevant to structures such as marine piles, various biological flows (e.g. flow over vegetation and the whiskers of marine creatures; see Hanke et al. 2010; Levy & Liu 2013 ) and many structures which are subject to wind loading (e.g. chimneys and tall buildings). However, it should be noted from the offset that a pivoted cylinder is likely to have different dynamics compared with the two-dimensional cylinders (i.e. cylinders for which the amplitude response does not vary along their span) measured in CB-1, CB-2 and CB-3.
First, when the cylinder is pivoted, the motion is rotational, rather than translational, and the structural dynamics is controlled by the inertia ratio (I * = (cylinder inertia)/ (inertia of the displaced fluid)) rather than m * . However, if the cylinder is solid (as in the current experiments), the two parameters are equivalent, m * = I * . Second, the amplitude response of a pivoted cylinder will vary linearly along its span, which is likely to promote three-dimensional variations in the wake. Flemming & Williamson (2005) examined the wake modes along the span of a 2-DOF pivoted cylinder throughout the transverse response regime (U r /f * ≈ 4.5-11) and found that when the inertia ratio was large, the 'quasi-uniform' assumption that the wake at each point along the span is the same as that which would occur for a two-dimensional cylinder oscillating at the same amplitude was valid. When I * was lower, and the streamwise response was larger, the streamwise motion caused the wake to vary significantly from the case of a cylinder undergoing transverse-only VIV. However, their findings suggest that the pivoted nature of the cylinder does not significantly affect the fluid-structure interaction at a given point along the cylinder span, and the results presented in the following sections are relevant to the general case of multi-DOF cylinders undergoing VIV at low reduced velocities. The quasi-uniform assumption was also discussed by Techet, Hover & Triantafyllou (1998) , who investigated the wake of a tapered cylinder forced to oscillate in the transverse directions. In this case, the variation in D caused the normalised amplitude response and the reduced velocity to vary linearly along the span. They found that the dominant wake mode at each point along the cylinder could be reasonably well predicted from the equivalent case of a two-dimensional cylinder at the same local values of A/D and reduced velocity (albeit with some variations due to Reynolds number effects), in agreement with the quasi-uniform assumption.
These studies suggest that in the absence of large variations in Re, etc., the quasi-uniform assumption is valid, which allows the measurements of the wake at a given plane along the cylinder span where the cylinder has a planar-amplitude, A x (z), to be compared with the wake of a two-dimensional cylinder vibrating at the same amplitude. The cylinder had a diameter of 7.1 mm (figure 2), which matched that used in previous studies. The end of the cylinder was less than 0.5 mm from the test-section wall, which ensured that the free end was not associated with the formation of large, tip vortices, and the influence of the flow around the free end of the cylinder on the amplitude response was negligible (Morse & Williamson 2010) . In order to ensure that the Reynolds number range (Re = U 0 D/ν, where ν is the kinematic viscosity) in the current set of experiments was similar to that of the previous studies, the cylinder was required to have a relatively low natural frequency ( f n ≈ 15-30 Hz). This required that the 'pin' connecting the pivoted cylinder to the test-section wall was relatively long, which caused the cylinder to have a relatively low aspect ratio, AR = 8.45. While this is undesirable, and may promote the influence of the end conditions on the cylinder response and flow measurements, it was decided to prioritise the similarity between the experimental conditions in the current and previous studies (i.e. D, Re, blockage ratio, etc.), at the expense of potentially increasing the influence of end effects on the measurements. This aspect ratio is also similar to that used in the streamwise VIV studies of Aguirre (1977) , Nishihara et al. (2005) and the current authors (all AR = 10), and the 2-DOF study of Jauvtis & Williamson (2003) and Williamson & Jauvtis (2004) (AR = 7.5, 10). Further work is planned to examine the behaviour of cylinders of varying aspect ratios throughout the streamwise response regime; however, this is beyond the scope of the current work. The discussion of the results presented in the remainder of this manuscript is restricted to regions of the response regime which are consistent with the results of previous studies of two-dimensional cylinders, where the effects of the pivoted nature of the cylinder are expected to be negligible. Parameters that are likely to be significantly affected by the spanwise position (e.g. vortex strengths, Reynolds stresses etc.) are not examined.
The cylinder was made of solid aluminium, and had an inertia and mass ratio of 2.7. The natural frequencies and damping ratios of the cylinder were measured through a series of tap tests performed in air and water. The results of the natural frequency in water are summarised in table 1. The difference between the natural frequencies measured in the two directions are less than one standard deviation, and the two frequencies can be treated as being identical (as is the case for perfectly symmetrical structures). The natural frequency of the cylinder was thus taken as the mean of the values measured in both directions, f n = 25.86 Hz.
The structural damping of the cylinder was estimated from tap tests performed in air (where the effects of fluid damping are considerably weaker than in water), the results of which are summarised in table 2. In this case the difference between the damping measured in both directions is only slightly larger than one standard deviation, and the damping is therefore also assumed to be approximately equal in both directions, with a mean value of ζ = 0.0039.
The flow field surrounding the cylinder was measured using PIV. The plane normal to the cylinder axis at the centre-span of the larger-diameter cylinder (see figure 2) was illuminated using a continuous diode laser of 532 nm wavelength and a cylindrical lens, and images were acquired using an intensified CMOS camera. The images have a resolution of 876 pixel × 1280 pixel. The flow was seeded using silver-coated glass spheres, which had a mean diameter of 10 µm. PIV measurements were acquired throughout the reduced velocity range U r /f * = 0.5-3.5, which corresponded to a Reynolds number range of 675-5000. At each reduced velocity examined, 1000 image pairs were acquired at 200 Hz. After adjusting the freestream velocity, the flow was allowed to settle for at least 10 min before any measurements were acquired to reduce the influence of any transient effects. A mechanical traverse system was used to elevate the camera and laser system, and a series of PIV measurements of the flow entering the test section were acquired in order to measure the freestream velocity. The PIV system was then lowered, and measurements were acquired of the cylinder and wake. The velocity fields were calculated using a three-pass cross-correlation scheme with 50 % window overlap. The sizes of the initial and final interrogation windows were 32 × 32 and 12 × 12, respectively, and the final velocity fields had a spatial resolution of approximately 18 vectors per cylinder diameter. After each pass the normalised median test was applied, and erroneous vectors were replaced by their local median. As the cylinder was opaque, the region behind the cylinder was not illuminated in the PIV images, and no vectors could be calculated in this region. This shadow region was not present in previous studies performed in this test facility, as the cylinder in these cases was made of transparent Perspex.
The cylinder displacement signals in both directions were measured directly from the PIV images using a template-matching algorithm described in CB-1, which was found to be accurate to within 0.4 pixels (≈0.002D). In experimental studies of pivoted or cantilevered cylinders, it is typical to measure the amplitude at a single point along the span of the cylinder, e.g. Fujarra et al. (2001) and Flemming & Williamson (2005) measured the tip (maximum) amplitude, while Voorhees & Wei (2002) measured the amplitude at the centre-span of the cylinder. In this study we have adopted the latter approach, as the results are most likely to be representative of the 'average' flow along the cylinder span and therefore more likely to be comparable to the two-dimensional case examined in previous studies, and because the influence of end-effects are lowest at the centre-span (Kitagawa et al. 1997 (Kitagawa et al. , 2002 Adaramola et al. 2006) .
The mean of the cylinder displacement signals in both directions were used to define the spatial origin, and the PIV fields had a streamwise and transverse span of x/D = −0.53 to 5.78 and y/D = −1.97 to 2.01, respectively. The root-mean-square of the displacement signals was used to measure the response amplitude in both directions, A x /D and A y /D. These measures are representative of the overall amplitude response of the cylinder, which will in fact vary linearly along its span. The signals were first high-pass filtered with a cut-off frequency of 5 Hz, in order to reduce the influence of low-frequency fluctuations which are not associated with VIV. The cylinder response frequency was estimated using the maximum of the power spectra, calculated from the streamwise displacement signal.
The transverse velocity extracted from the PIV fields at (x/D, y/D) = (3, 0.5) was used to estimate the vortex-shedding frequency, f vs . Except where otherwise stated, this was also used as a reference signal to phase-average the velocity fields and cylinder displacement signals. The phase-averaged vorticity, ω z (where · denotes a phase-averaged quantity) was calculated from the phase-averaged velocity fields. Spatial gradients were calculated using the least-squares method.
In order to increase the resolution of the measurements of the cylinder response regime without incurring prohibitive computational costs, additional measurements were acquired at certain flowrates in which only a small region in the vicinity of the cylinder was captured. For these measurements single images were acquired, rather than image pairs which could be used to perform PIV. For these measurements, 2000 images were acquired at 100 Hz, and were used only to estimate the cylinder displacement signals. This method was used to examine the amplitude response of the cylinder as the reduced velocity was decreased (i.e. to study the effects of hysteresis on the system) and to examine five additional reduced velocities as the flow rate was increased. 
2.1.
Comparison with previous studies Throughout this paper, the results of the current set of experiments are compared with those found in previous studies examining a cylinder undergoing streamwise-only VIV. Experimental details for each case can be found in the relevant references; however, to assist the reader, table 3 summarises some of the relevant details regarding the flow and the cylinder properties.
Although effort was taken to ensure that the various experimental parameters were consistent across all three systems, there were some inevitable differences, particularly in the mass ratio and Re range, both of which will affect the amplitude response of the cylinder (Blevins & Coughran 2009) . Along with the differences in the types of cylinders used (number of degrees of freedom pivoted, two-dimensional, etc.) this means that the magnitude of A/D is not directly comparable between studies.
Results

Cylinder amplitude response
The cylinder response amplitude of the pivoted cylinder in both the x and y directions is shown in figure 3(a) , as well as the dominant frequency of transverse velocity fluctuations measured at (x/D, y/D) = (3, 0.5) in figure 3(b) . The response regime is characterised by two branches of approximately equal amplitude, as has been previously reported (CB-1; Aguirre (1977) and Okajima et al. (2003) ).
The first response branch occurs in the range U r /f * ≈ 1.3-2.45. The cylinder vibrations occur predominantly in the streamwise direction, with the levels of transverse motion remaining low, as observed in previous studies (Jauvtis & Williamson 2003; Blevins & Coughran 2009) . Despite the presence of relatively large-amplitude streamwise vibrations, figure 3(b) shows that the velocity fluctuations three diameters downstream are not synchronised to the cylinder motion, and appear to follow the Strouhal relationship. This indicates that the symmetrically shed vortices have rearranged into an alternate pattern, as described in CB-2. The peak of the first response branch occurs at U r /f * ≈ 2.3, at which point the frequency of the velocity fluctuations is equal to half the streamwise response frequency ( f vs /f x = 0.5), indicating the onset of lock-in. This also coincides with an increase in A y /D.
As the reduced velocity is increased further and U r /f * ≈ 2.5 ∼ 1/2St, the velocity fluctuations remain locked-in to f x /2 and A y /D continues to increase monotonically. However, the amplitude response in the streamwise direction falls slightly, which is characteristic of the streamwise VIV response regime (Aguirre (1977) ; Okajima et al. (2003) ; CB-1). Beyond this point the streamwise response amplitude begins to increase again as the cylinder enters the second branch. The amplitude in the transverse direction also continues to increase, and exceeds the streamwise amplitude at U r /f * ≈ 2.9. Finally at U r /f * = 3.28, the frequency of the velocity fluctuations in the wake are no longer locked-in to f x /2, and the cylinder amplitudes in both directions fall. At higher reduced velocities, the transverse amplitude begins to increase again, which corresponds to the transverse response regime (Williamson & Jauvtis 2004) .
The variations in the streamwise response amplitude and the frequency of velocity fluctuations in the wake observed in the present study are consistent with those found in CB-1 and CB-2 for the case of a single-DOF cylinder. However, there are some notable differences between the single-and 2-DOF cases; in particular, for the 2-DOF case the first response branch extends to a higher reduced velocity, and the vibrations are significantly larger at U r /f * ≈ 2.5. Nakamura et al. (2001) examined the effects of the aspect ratio on the streamwise amplitude response of single-DOF, pivoted cylinders, and found that for AR 21, the cylinder response regime did not exhibit a significant reduction in amplitude at U r /f * ≈ 2.5; as AR was reduced further, the streamwise amplitude response at this point increased. Therefore, the comparatively large values of A x /D observed in this region in figure 3 are likely to be associated with the choice of a relatively low aspect ratio (AR = 8.45) and the use of a pivoted cylinder. Figure 4 presents the dominant wake mode observed throughout the response regime for each of the three sets of PIV measurements. The A-II mode tends to occur when the cylinder response is low, as the effect of the structural motion is not sufficient to alter the wake from the von Kármán vortex street observed behind stationary bodies. Both the alternate A-II and the symmetric S-I modes are observed Vortex-induced vibrations of cylinders with 1 and 2 degrees of freedom FIGURE 4. Streamwise response amplitude measured in the present study (circles), CB-1 (squares) and CB-2 (triangles). The colours indicate the dominant wake modes observed. Two-tone symbols indicate the points at which the wake was observed to switch between two different wake modes.
in the first branch, and at many points the two modes compete in an unsteady manner, without either mode being clearly dominant, as discussed in CB-2. It is notable that in all three cases, the A-II mode occurs at the peak of the first response branch. This is consistent with the early work of Aguirre (1977) , but in contrast to the common assumption that the entirety of the first branch is associated only with symmetric vortex shedding (Okajima et al. 2003; Konstantinidis 2014 ). Figure 4 clearly shows that the first branch is caused by both alternate and symmetric shedding. The competition between these two forms of vortex shedding and its effect on the cylinder response is discussed in more detail in the following section.
The SA mode tends to dominate in the region of the second branch, when the vortex shedding is locked in to the cylinder motion. CB-3 showed that the wake can also exhibit the A-IV mode in this region (light grey squares in figure 4), although this mode was not observed in the current study. In general, the distribution of the wake modes observed in the current study is consistent with those observed for the previous single-DOF cases, with the exception of the occurrence of the SA mode at U r /f * = 3.1 and A x /D = 0.04, which is likely to be caused by the presence of significant transverse cylinder motion. The effect of this transverse motion on the vortex-formation process and the dominant wake mode is discussed further in § 3.3.
Effect of mode competition on transverse response
It has been shown in a previous study (CB-2) that in the first response branch the wake alternates between the S-I and A-II wake modes. A mode-identification algorithm based on proper-orthogonal decomposition (POD) of the measured velocity fields was introduced to determine which mode is dominant in the wake of a single-DOF cylinder as a function of time. Analysis of the cylinder response at U r /f * = 2.06 indicated that the competition between the two modes did not have a significant effect on A x /D. However, it was speculated that the mode competition may 714 N. Cagney and S. Balabani affect a cylinder free to move in the transverse direction, as the alternate structure of the A-II mode is likely to induce an unsteady lift force. It is therefore interesting to examine the influence of both modes on the response of the pivoted cycle to test this hypothesis.
A detailed description of the mode-identification technique can be found elsewhere (CB-2) and is only briefly summarised here, while the reader is referred to Berkooz, Holmes & Lumley (1993) for a full description of the POD method. POD can be used to decompose a set of N velocity fields into N orthogonal spatial modes, Φ i (x, y) (where i = 1, 2 . . . N), each of which has a temporal coefficient a i (t). The flow field can then be expressed as
where U is the velocity field (containing all measured components) and U is the mean velocity field. For flows which are dominated by vortex shedding, the first two POD modes will occur as a pair which are 90
• out of phase, and will capture the shedding process (van Oudheusden et al. 2005) . When there is significant mode competition in the wake, the first two POD modes will correspond to the primary shedding mode, while the third and fourth POD modes will correspond to the secondary shedding pattern. The dominance of either wake mode at a given time can be estimated from the instantaneous amplitude of the POD coefficients (calculated using the Hilbert transform), H (a i (t)). This can be used to determine which wake mode is present at a given time: if
then the primary mode (corresponding to POD modes 1 and 2) is said to be dominant, while the secondary mode dominates when this condition is not met. This method has successfully been used to compute two sets of phase-averaged velocity fields for both the S-I and A-II wake modes using the same set of PIV measurements and the same reference signal (i.e. the only difference between the computation of the two sets of averaged fields was the criterion in (3.2)); see figure 5 in CB-2.
Before applying this method to the current set of measurements, it is worth making a note on the nature of the mode-identification technique and mode competition in general. The wake modes in VIV are defined based on visual examination of the flow (Ongoren & Rockwell 1988; Williamson & Roshko 1988) , and are therefore an inherently qualitative description. This is especially true when the modes vary with time. Therefore, the effectiveness of any mode-identification technique cannot be said to have a quantifiable accuracy, and the criterion defined above should not be thought of as a quantitative or Boolean measure of the wake mode present at a given instant, but rather as a means of providing a qualitative measure.
In order to confirm that the criterion is effective, it is first necessary to show that it can be used to isolate phase-averaged vorticity fields corresponding to both wake modes using the same set of measurements and reference signal. This is outlined below for the PIV measurements acquired in the wake of the pivoted cylinder at U r /f Vortex-induced vibrations of cylinders with 1 and 2 degrees of freedom POD was performed for the velocity measurements in the region x/D = 0-4. The first two POD modes were found to correspond to the A-II mode ( figure 5a,b) , while the third and fourth POD modes were found to correspond to S-I mode ( figure 5c,d) . The respective amplitude coefficients (a 1 (t), a 2 (t), etc.) were also found to occur in pairs, which were 90
• out of phase. This indicates that the A-II mode is the most energetic (i.e. dominant), and the S-I mode is a secondary feature, occurring in a smaller number of PIV fields. Figure 6 shows the phase-averaged vorticity fields and cylinder displacement signals calculated for both modes using the transverse velocity signal measured at (x/D, y/D) = (2, 0.5) and the mode-identification criterion. Although the vorticity fields are in some cases quite disorganised, the characteristic symmetric and alternate wake structures are both apparent; two rows of counter-rotating vortices are present in figure 6( f ) at x/D ≈ 1 and 2, when the S-I mode is dominant, while the vortices are clearly arranged in an alternate pattern when the A-II mode occurs (x/D ≈ 1-4 in figure 6a-d) . Likewise, the phase-averaged displacement signals show characteristic differences; the signal x/D in figure 6(e) occurs at twice the frequency of the velocity fluctuations in the wake, while in figure 6( j) it occurs at the same frequency as the fluctuations. This is consistent with the known behaviour of the A-II and S-I modes, respectively (CB-1, CB-2).
Both sets of fields contain some signs of 'contamination'; some symmetric features are present in the A-II vorticity fields (figure 6a-d), indicating that some instantaneous fields in which the S-I mode is present have been used to calculate the phase-averaged fields for the A-II mode (and vice versa) . Similarly, the phase-averaged streamwise displacement signal in figure 6(e) occurs at twice the reference signal ( f vs = f x /2), but the two peaks in figure 6(e) are not equal height, with the peak at t/T = 15/16 slightly 716 N. Cagney and S. Balabani (e) and ( j), respectively. Both sets of average fields and displacement signals were calculated from the same set of PIV measurements and using the same reference signal, and were differentiated using the mode-identification technique described in CB-2.
Vortex-induced vibrations of cylinders with 1 and 2 degrees of freedom larger than the earlier peak. This suggests that the phase-averaged displacement signal contains a weak subharmonic component at the symmetric vortex-shedding frequency ( f vs = f x ), i.e. the signal has been contaminated. However, in general, the phase-averaged vorticity fields and displacement signals capture the characteristic features associated with both wake modes, and the mode-identification technique can be said to provide an effective (albeit qualitative) means of determining which mode is dominant as a function of time.
The cylinder displacement signals measured in the streamwise and transverse directions at this reduced velocity are shown in figure 7(a,b) , respectively. The symbol colours denote which wake mode was identified as dominant at each instant. Both wake modes appear to provide the same levels of fluid excitation to the cylinder, as the amplitude of the streamwise displacement signal appears to be unaffected by the occurrence of either mode. This is consistent with what was found for the 1-DOF case (CB-2). In spite of the alternate nature of the A-II mode (which might be expected to cause this mode to induce an unsteady lift force), the presence of either the S-I or A-II mode does not appear to affect the amplitude of the cylinder vibration in the transverse direction. Nor was the intermittent appearance of either mode found to have a noticeable effect on the transverse displacement signal measured at any reduced velocity in the first response branch.
It is unclear why the appearance of the A-II mode at the peak of the first response branch coincides with a significant increase in A y /D (figure 4), but the mode does not appear to affect y(t)/D when it occurs intermittently. A potential explanation is that the mode competition is highly three-dimensional, and the dominant wake mode varies along the cylinder span, i.e. at a given instant both the A-II and S-I modes exist simultaneously at different points along the span. If this is the case, it is not the wake mode and sectional fluid forces in a single plane (e.g. the PIV plane shown here) which affect the amplitude response of the cylinder, but the fluid forces integrated over TABLE 4 . Experimental details associated with the PIV measurements of a 1-and 2-DOF cylinder, in which the SA mode was observed in the wake.
the entire span, and the mode competition at a given plane will have little effect on the overall fluid forcing. To fully examine this hypothesis would require the use of a 3D flow measurement technique such as tomographic PIV or 3D numerical simulations. In summary, it appears that this competition does not have a significant effect on the cylinder excitation in either direction, and that the wake dynamics and fluid-structure interaction in the first response branch are not significantly affected by the additional DOF of the cylinder. Therefore, the results of various studies of streamwise-only VIV in this reduced velocity range are likely to remain relevant to the more practical, multi-DOF case.
3.3. Effect of y-motion on the wake modes in the second branch Figure 4 shows that the SA mode is observed at approximately the same values of A x /D and U r /f * for both the 1-and 2-DOF cylinders. The vorticity fields measured in both cases can be compared, allowing the effects of the transverse cylinder motion on the vortex formation process to be identified.
Two sets of PIV measurements acquired at U r /f * ≈ 2.9 for a single-and 2-DOF cylinder were compared. Some details of these measurements are summarised in table 4. The velocity fields and cylinder displacement signals were phase-averaged for both cases, as described in § 2. The resulting vorticity fields at four phases are shown in figure 8(a-d) for the 1-DOF case, along with the corresponding streamwise displacement signal in figure 8(e) . The vortex-shedding cycle associated with the SA wake mode has been described in detail elsewhere (CB-1), and therefore only a brief summary is provided here.
As the cylinder is in its most downstream position, a negative vortex has formed near the cylinder base, at approximately x/D = 1 in figure 8(a) . The cylinder then moves upstream (figure 8b), causing vorticity of the opposite sign to be entrained into the region of the near wake which the cylinder has recently vacated; as the cylinder reaches its peak upstream position (figure 8c), this positive vorticity at the cylinder base begins to roll up to form a new vortex. This vortex remains attached to the cylinder as it again moves downstream (figure 8d), and will be shed as the cylinder reaches its peak downstream position and the cycle repeats for a vortex of the opposite sign.
The corresponding vorticity fields and cylinder displacement signals for the 2-DOF cylinder at approximately the same reduced velocity are shown in figure 8( f -j) . The magnitude of the vorticity in the 2-DOF case is lower than that shown in figure 8(a-d) . This difference in magnitude was also apparent in the instantaneous fields, and cannot be attributed to the phase-averaging process (as could happen, for example, if the reference signal was only weakly correlated to the vortex-shedding process in the 2-DOF case). Therefore, it appears that the additional transverse motion of the cylinder acts to decrease the amount of vorticity created throughout each shedding cycle. However, it should be noted that the results presented in 8(a-d) and ( f -i) were acquired using different PIV systems; as PIV measurements act as a low-pass filter on the true velocity field and tend to reduce the estimates of vorticity (Stanislas, Okamoto & Kähler 2003) , this reduction in ω z may in part be attributable to the different experimental systems.
In spite of this difference, the vortex-shedding processes for both cases appear to be remarkably similar. This suggests that the ability of the cylinder to move normal to the flow does not have a significant effect on the vortex-shedding process.
However, the additional DOF affects the cylinder-wake system in other ways. Figure 4 indicates that for the 1-DOF case, the A-IV mode occurs in the wake at U r /f * ≈ 3 and A x /D ≈ 0.04, while the SA mode is observed for 2-DOF cylinder at a similar point in the U r /f * − A x /D plane. Thus, the transverse motion of the cylinder appears to change the dominant wake mode, which in turn is also likely to alter the fluid forces, levels of energy transfer to the structure, the added mass, etc. A similar effect has also been noted for the case of transverse VIV; Morse & Williamson (2009) showed that the wake mode of a cylinder oscillating in the transverse direction can be accurately predicted if the reduced velocity and vibration amplitude are known. However, when the cylinder is free to move in the two directions, the wake mode becomes a function of the reduced velocity and the vibration amplitude in both directions (Flemming & Williamson 2005) . The distribution of wake modes presented in figure 4 suggest that this is also the case at low reduced velocities (U r /f * ≈ 3), when the cylinder response is controlled by the streamwise excitation.
The results presented in CB-3 showed that when the cylinder is free to move only in the streamwise direction, the cylinder-wake system can exhibit three possible states in the region of the second branch, in which either the SA, A-IV or A-II modes occur in the wake, with each mode corresponding to a distinct level of cylinder excitation and amplitude response. For the 1-DOF case, the A-II mode was observed when the reduced velocity was decreased from an initially high value and the cylinder response was negligible (i.e. the extent of the second branch was considerably smaller due to hysteresis effects), as can be seen in figure 9 (a), which shows the three possible forms of the second response branch. However, for the 2-DOF case, the freedom to move in the transverse direction appears to prevent the occurrence of the A-IV mode. Therefore, the wake can only exhibit one wake mode in this region (the SA mode) and only one form of the second response branch occurs. Consequently the streamwise response regime is unaffected by hysteresis.
While there are three possible cylinder-wake states which can occur in the region of the second response branch for the streamwise-only case of VIV, it appears that the ability of the cylinder to move in the transverse direction results in only one favourable state existing (i.e. non-negligible cylinder vibration with the SA mode occurring in the wake). Although the phase-averaged vorticity fields in figure 8 suggest that the transverse motion of the cylinder does not significantly alter the vortex-formation process when the SA mode is dominant, the additional DOF has important implications for the overall cylinder-wake system, altering the distribution of wake modes throughout the response regime, the streamwise vibration amplitude and the effects of hysteresis on the system. Figure 10 (a-h) shows the x and y trajectories of the cylinder in the reduced velocity range U r /f Vortex-induced vibrations of cylinders with 1 and 2 degrees of freedom . While the cylinder-wake system can exhibit one of three possible states in the region U r /f * ≈ 2.5-3.5 for the 1-DOF case, the 2-DOF cylinder is not affected by hysteresis and only exhibits one state in this region.
Cylinder trajectories
branch. The alternate vortex shedding observed at the peak of the first branch causes the cylinder to vibrate in the transverse direction at f x /2; this can be seen in figure 10(a) , as the cylinder appears to follow a figure-of-eight trajectory. The figure-of-eight pattern appears to be characteristic of VIV, and has been observed in a number of studies of multi-DOF cylinders (Dahl et al. 2007; Sanchis et al. 2008; Blevins & Coughran 2009; Horowitz & Williamson 2010) . This pattern becomes more pronounced as the reduced velocity and A y /D increase ( figure 10b-h) ; at U r /f * = 2.3 the pattern is strongly asymmetrical about the line x/D = 0, but becomes increasing symmetrical as U r /f * increases. The changes in the x-y path with increasing reduced velocity is caused by a change in the phase angle between the x and y motion, φ xy .
In order to quantify this change in phase, the displacement signals were modelled as
where B b , B y , φ x and φ y are constants which could be found empirically from the displacement signals. This was achieved by first phase-averaging both the x and y signals with respect to the y signal itself, in order to reduce the influence of measurement noise and low-frequency variations in the amplitudes of this signals, and then fitting the averaged values to (3.3) and (3.4) using a least-squares approach. The phase-averaged values and the fitted signals are also shown in figure 10 . Equations (3.3) and (3.4) can then be rearranged as FIGURE 10 . The x-y trajectories followed by the cylinder in the reduced velocity range U r /f * = 2.3-3.1. The black lines indicate the raw displacement signals, while the white symbols indicate the phase-averaged x and y positions (which were averaged with respect to the y motion) and the thick grey line is a sine-wave fit to the phase-averaged data.
where
The variation in the estimated values of φ xy with reduced velocity is shown in figure 11(b) . The phase lag decreases steadily with U r /f * throughout the lock-in range. There is a sudden jump of −0.29π between U r /f * = 2.46 and 2.55, which coincides with a change in the vortex-formation process in this region, as the SA mode becomes dominant. When the SA mode is dominant (U r /f * = 2.55-3.09), the phase lag between the x and y motion decreases in an approximately linear manner. At the highest reduced velocity at which lock-in occurs, the phase lag approaches −π; beyond this point the amplitudes in both directions decrease, the displacement signals become unsteady and φ xy can no longer easily be defined.
In order to investigate the cause of this change in phase throughout the lock-in range, the PIV measurements of the cylinder wake were examined. The x and y positions of the cylinder and the velocity fields were phase-averaging with respect to the transverse velocity signal measured at (x/D, y/D) = (3, 0.5). Figure 12(a-c) shows the resulting phase-averaged vorticity fields as the cylinder is in its most downstream position throughout the region U r /f * = 2.3-2.95, while the corresponding cylinder displacement signals are shown in figure 12(d-f ) .
One might reasonably expect the change in φ xy to be accompanied by a change in the phase of the vortex shedding with respect to the streamwise motion. However, examination of the vorticity fields in figure 12 (as the cylinder is in its most downstream position) do not reveal any such behaviour. In each case, a negative vortex is forming at the cylinder base, while a recently shed positive vortex is present at x/D ≈ 2. This vortex appears slightly further downstream at higher reduced velocities; however, this is caused by an increase in the wavelength of the wake, λ wake ∝ U 0 /f vs = 2U 0 /f x = 2DU r /f * , rather than a change in the phase of the shedding. The absence of a significant change in the phase of the vortex shedding is consistent with the work of Jeon & Gharib (2001) , who forced a cylinder to oscillate in both the streamwise and transverse directions at peak non-dimensional amplitudes of 0.1 and 0.5, respectively; the vibration frequencies were varied such that f x /f y = 2 and φ xy = 0 and −π/4 (and U r /f * = 4 and 6). They found that the transverse motion controlled the vortex-shedding frequency, while the streamwise motion controlled its phase. In the vorticity fields shown in figure 12 , it is the streamwise motion which controls the shedding frequency (since the cylinder is in the streamwise rather than the transverse response regime, i.e. U r /f * ∼ 1/2St, rather than 1/St), but it appears that in both cases the phase of the shedding is determined by the streamwise motion.
This work demonstrates some of the similarities and differences between the structural response and wake dynamics of single-and 2-DOF cylinders in the streamwise response regime. Further work is required to identify the influence of the pivoted nature of the cylinder, e.g. the effects of the aspect ratio and the three-dimensionality in the wake. However, the results presented here indicate that much of the knowledge of streamwise VIV of 1-DOF cylinders may be extended to the multi-DOF case, with the exception of the region of the second response branch, where the additional DOF appears to simplify the dynamics of the system, reducing the number of possible states.
Conclusions
The structural response and wake dynamics of a pivoted 2-DOF cylinder have been measured throughout the streamwise response regime (U r /f 724 N. Cagney and S. Balabani using a cylinder free to move only in the streamwise direction at a similar range of reduced velocity and Reynolds number.
The response regime in both cases was similar, containing two branches, separated by a region of low-amplitude response at U r /f * ≈ 2.5, in agreement with various studies in the literature. Within the first branch, the wake exhibited both the S-I and A-II modes, and the vibrations occurred predominantly in the streamwise direction. However, the transverse amplitude response increased as the A-II mode became dominant near the maximum of the branch. The wake in both the 1-and 2-DOF cases was found to switch intermittently between the two modes at certain points within this branch. In both cases, this mode competition was not found to affect the cylinder response amplitude in either direction. In general the results for the 1-and 2-DOF cases in this region of the response regime were in good agreement, suggesting that much of the results in the literature concerning VIV of single-DOF cylinders in this region can be extended to the multi-DOF case. Vortex-induced vibrations of cylinders with 1 and 2 degrees of freedom
725
For the 1-DOF case, the second branch is capable of existing in three distinct forms, which are associated with three different wake modes at U r /f * ≈ 2.8. However, while the freedom of the cylinder to move in the transverse direction was found to have little effect on the vortex-shedding process when the SA mode dominated in this region, the additional DOF had a significant effect on the response regime; the cylinder response was no longer hysteretic, the A-IV mode was not observed and the second branch appeared in only one form. This indicates that the additional DOF has a significant effect on the overall dynamics of the cylinder-wake system. By reducing the number of possible states that the cylinder can occupy in this region, the extra DOF appears to simplify the overall dynamics, rather than making the fluid-structure interaction problem more complex.
When the cylinder experienced significant transverse vibrations, from the peak of the first branch to the end of the second branch (U r /f * = 2.3-3.1), the cylinder followed figure-of-eight trajectories. The phase angle between the streamwise and transverse displacement signals was found to decrease in a linear manner with reduced velocity, with a sudden jump when the wake changed from the A-II to the SA mode. Examination of the phase-averaged vorticity fields acquired in the second response branch indicated that this change in phase did not coincide with a change in the phase of vortex shedding with respect to the streamwise motion, which remained constant.
